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1 Problem 10.1

Claim 1 (Claim 10.1.1). Let 7 : M — M be elementary and n(U) = U. If a
putative iteration of M of length a+1 is an iteration, then a putative iteration
of M of length oo + 1 is an iteration.

Proof of claim: We recursively define, for { < a4 1, m¢ : /\;15 — M¢ by
setting me1([f]g,) = [me(f)]ue, mx where A is a limit to be the direct limit map

given by mx(ig A(f)) = ie.x - me(f).

Then the final map 7441 1 May1 — May1 witness the wellfoundedness of
May1. O

Let 7 be a putative iteration of M of length a4+ 1. We pick 6 large enough,
X actm, and 7 : X — Vj that is elementary w.r.p the language with predicate
€, T, M. Let n(T) =T, 7(M) = M. Then

X [= T is a putative iteration of M

This is an absolute statement and hence 7 is a putative iteration of M, as
T € X, its length is less than w;. By Claim 10.1.1 and the assumption
in the problem we have 7 is an iteration of M, i.e. Mgy is well-founded.
Hence X = T is an iteration of M. By elementariness and passing to Vj,
T is an iteration of M. This concludes the proof that M is iterable.

cf. Lemma 2.4, Lemma 2.5 in John Steel’s note on Itreated Ultrapowers.

2 Problem 10.2

(a) We show by an induction on o € Ord that
Mo = {mo.a(f)(a) |a € {rp | B < a}<, f: ]|l = Mo}

The base case a = 0 is trivial.
Induction step for successor « + 1:

Mei1 = Ult(Ma, Ua)
= {m(9)(ra) | g € MG}
oy TH, {1 (0.0 () (@) () [ 0 € g | 6 < @}, 7+ (5] =5 Mg}
= {moar1(f)@U{ka}) | a € {rp | B <}, f : [£]l"F — My}



The final equation holds as 7y 4+1(a) = (a) for a C {kg | 8 < a}. This equation
shows the C direction of the desired result. The other side is obvious.
Induction step for limit A:

r€ My < Ja<\Iye M,z =mux(y)
— da < )\,30, S {Klg | 6 < Oé}<w,3f : [H]\a\ — M(’;v (l‘ = 7T(Jt,)\(71-0,04(.](?)(0')))
— Ja<NJae{rg| B <a}<w3f: [k = ME, (x=mox(f)(a))

This concludes the proof.

This exercise shows that M, = ha(ran(m.a), {ks | B < a}).

(b) As Kq,a € Ord satisfy ko < kg if @ < 8, it is unbounded in Ord.

For arbitrary sequence (kq,,p < A) where A is a limit, we show that
U,i<x Fa, = KU, o, Let 0=U,cru

< is immediate. For the other side, if v < kg, then v = 74, ¢(7’) for some
p < A and by the construction of direct limit. 7" < ko, by elementarily. It
follows that 7" = v and hence vy < kg, -

(¢) For limit ordinal A, for arbitrary X € kyN M), we have that there is some
a<Ast. mua(Y) =X andY € U,. We show that for all 8s.t. a < 5 < A, we
have kg € X. Then Z :=n,3(Y) € Ug. Hence kg € mg 311(Z) C w(B,7)(Z) =
X by normality of Ug. Hence kg € X.

The statement is false for successor ordinals, as in this case the statement
we are supposed to prove reduces to M11 = Uy is principal.

(d) The statement contains an error, p should be A.

To see the statement makes sense, it follows from the proof of (b) that
kx = limgcy kg. We have kg < |5] - 2" < A by a function counting argument,
and hence k) = limg<y kg < A. This means Ky = A.

The fact that Uy C Fy N M, follows from (c) and (b). The otherside follows
as Uy is an ultrafilter in M O

3 Problem 10.3

(a) L[U] = L[U] is standard exercise. To verify L[U] |= U is a measure on k,

k€U ask € L[U] and k € U.

If X1,Xo € U= L[UNU, then X; N X, € L[U]NU. Upward closure and
the property for complement is similarly verified.

If (X, < p) € L[U] for some p < k and X, € LIU|NU, then
and (), ., Xa € L[U], hence (), , € U.

(b) Same as 10.2 (d), p should be A. By elementarity My, = V = L[U,].

Hence M = L[U,]. As by 10.2 (d) Uy = FFVIn My = FxnMy, My = LIF].

X, €U

a<p

4 Problem 10.4

(a) Let A > 2% be regular, we show that there is ¢ s.t. My = Jg[F)]. First
My |V = Lm A (U)], it must be of the form Jg[mp (V)] for some limit .



Next, notice that problem 10.2 also works for iterable set model M. Hence
we have 7o x(U) = Fy\ N M and hence My = Jg[F].

Hence two L* mouse can be coiterated as we can take A\ > max{2",2*}
where k, X are the respective largest cardinal in M, N.

(b) Like in the proof of Claim 10.33, we construct the putative iteration of
length v+ 1, (Ny, 005 | @ < B < y+1) of Ny = J5[U] and construct the family
of elementary embeddings o, a < 7+ 1 into the iteration (Mg, ma g |a < 8 <
v+ 1).

For successor step, we set 0q+41(8a,a+1(f)(Aa)) = Ta,a+1(0a(f))(ka). By
the fact that Ay is a model of ZFC~, this map can be elementary instead of
just ¥ elementary. The limit case can be defined by commutativity of the
diagram.

5 Problem 10.5

Let U be a normal measure on . We work in this inner model.
First we show the case for A < k: It suffice to show that for each A and
X e P(N),
HY e POV |Y CXAY <pp X3 <A

Then we would have o(<r[] [p(r)2) < AT, this validates the conclusion.

Take J,[U] large enough s.t. k, A € J,[U].

Consider the Skolem closure of AU{A} w.r.t. the language with constant cx
for X, and collapse it to form Jg[U’] by condensation. Then 7 : Jg[U'] = Jo[U]
is elementary, U’ = 7= 1[U], |J3[U’']] = A, 7[a41 = id and X = 7(X’) for
some X' € Jg[U’], we notice that actually X = 7(X) and thus X € Jg[U'] as
7T|)\+1 = id.

Now we want to show that, assuming for x,y C A\, x <y y iff © <g) vy,
it holds that {Y € P(\) | Y € X AY <y X} C Jg[U'], which finishes
the proof. If V' <pp) X, there is v s.t. Jo[U] | rank<,,,(Y) = v, then
JslU'] E Y C X,rank<,,, (Y') = 7. By elementarity and the fact that
7a+1 = 4d, such Y’ is Y and hence Y € Jg[U’].

Finally, we verify that for x,y C A, ¥ <ppyq y iff ¥ <gpy) y. By theorem
10.3 and Problem 10.4(b), Ny = Jg[U'] and My = J,[U] are L* mice and hence
by 10.4(a) they can be co-iterated, i.e. there is 7,7 s.t. My = J3[F)\], Ny =
Jg/[F)\]. And hence My ': T <pun Yy iff JB/[F)\],J[;[F)\] ': T <L[F\] Y iff
NoEz< Lju] ¥ by elementariness and the fact that elements under A are fixed
under iteration.

Remark: In general, when we collapse the structure (N, N NU), we can’t
make sure that the collapsed structure is (N', N’ N U), i.e. not necessarily
elementary to (L[U],U) for the predicate. Hence the condensation does not
apply and though N’ would be some Jg[U'], we have no idea about whether
U' = UnNN'. Butin the case when U is a normal measure on «, coiteration
argument fits the gap.

The case when \ > k is similar to Godel’s argument that V' = L implies
GCH, for z C )\, the fact that A > k means the collapsed structure of (N =



hrp(AU{z,U}),U N N) to be elementary at the predicate as the collapsing
map would be constant on k < A. Hence the condensation applies, this is not
true for A < k.

6 Problem 10.6

The proof of Claim 10.22 is standard.
For 10.21 (d), we prove a more general theorem

Claim 2 (Claim 10.6.1). If My, My = ZFC~ and j : My — M; is X1 elemen-
tary and cofinal in My, then actually j is elementary.

Proof of claim cf. Prop 5.1 in Kanamori: We show by an induction on the
Levy hierarchy of formulas. Suppose My <x, M;, we show My <x, ., M;. It
suffice to show that for II; formula ¥ (z,y) and @ € My, if My | Jzy(z, j(@))
then there is b € My s.t. My | ¥(b, @).

By cofinalness, we find ¢ € My s.t. My = Jx € j(c)(x, j(a@)), by replace-
ment (this is where M; = ZFC~ is used), 3z € j(c)¥(x,j(a@)) is equivalent to
a II,, formula an hence My |= 3z € cyp(x, @). We are done. O

I don’t really understand why in the text book, the language in (c) and (d)
is different.

7 Problem 10.7

We say a real z codes a structure (M, €, A) iff for o(z) : n — 2n + 1 and
e(r) :n = 2n m(w, Eqm), Aewy) = (M, €, A) where E,(,) denotes the standard
coding of o(x) as a well-founded relation and n € A.;) <= e(z)(n) #0. 7 is
the transitive collapse.

Claim 3 (Claim 10.7.1). The following relation is A}:
(z,y) € A < x codes a premouse and its iteration up to ||y||.
In the sense that for all n, (), : m — x(T'(n,m)) codes a premouse and
niEyny <= (), codes an ultrapower of (x)n,

Proof. First we show that x codes a premouse is IT. x codes a premouse iff
o(r) € WF and (w, Ey(y)) F ZFC™+V = L+-there is a largest cardinal and say
Ny is the largest cardinal in (w, Eo () (W, Eo(a); Ue(z)) E Ue(z) is @ non-trivial normal <
k complete ultrafilter on k.
(W, Eoy) E ZFC™ + V = L + there is a largest cardinal is arithmeti-
cal since the relation (w,Ey,)) F @(n1...ny) is arithmetical. To analyze
(W, Eo(z), Ue(z)) F Ue(z) is a non-trivial normal < « complete ultrafilter on &,
for instance (w, Eo(z); Ue(z)) F Ue(z) is < k& complete. iff

Vn(me(n) € mz(ne) — VX € [w]*(Vm € X(m € Ugz)Amz(m) € Tp(n)) — 3 € Ue(x)(ﬂ 7| X] = m:(1)))



Where 7, is the Mostowski collapse. This is a T property, for the Mostowski
collapse part see for instance Jech Proof of Lemma 25.25.
Next consider the following relation:

(z,y) € Ult < y,z both code premice and y codes the ultrapower of z

First we notice the ultrapower equivalence relation for z is given by, for ni, ns
that are functions with domain w in (w, Fy(,)) collapsed,

n1 =ng <= Im(m € Ugz) AVI(n(l) € m(m) — m(n1)(m(1)) € m(n2)(n(1))))
(*)
We have y codes the ultrapower of z iff there is =,C w?, f € w¥ s.t. =, is
an equivalent relation satisfying #, f respects =, and is bijective w — {n € w |
7z (n) is a function with domain w}/ =,,

nEeyyne <= Im(m € Ugyy AVI(n(l) € m(m) — w(n1)(w(1)) € m(n2)(7(1))))

and
ny € Upyy <= m(m € Uy AVI(n(l) € m(m) = 1 € Up(yy))

And hence Ult is a ¥} relation.

Hence, let (z),, : m — z(T'(n,m)), (z,y) € A <= Vnq,n2(ne is the E, successor of ny —
((%)nys (2)n,) € Ult), and thus is Al. Moreover, the shows that the section of
A along y is also Al. O

Thus  codes a z-mouse is a I13(z) property.

8 Problem 10.8

Let 2 = (Ju[2],U), then w* N a* = w* N L[z] by a condensation argument as
in Problem 10.10. Hence by Corollary 7.21 the conclusion follows.

9 Problem 10.9

Claim 4 (Claim 10.9.1). For Ju[z], Jg[z], if j : Jo[x] — J3[z] is an elementary
embedding which has critical point v < |a|, then ¥ exists.

Proof of claim: Let U be the ultrafilter defined on v with j. Since v < |«],
Jo[z] and L[x] agrees on P(v) and hence L[z] also thinks U is a - complete
ultrafilter on 7. It suffice to show that Ult(L[z],U) is well-founded. Thus
Ult(L[z],U) = L]z] and the ultrapower map is an non trivial elementary em-
bedding from L[z] to itself.

Suppose for contradiction that ...[f1] € [fo], let Jy[x] be such that f, €
Jg[z]. Take:

7 Js[x] Z hy,m (YU {fn | n €w}) < Jplx]

Then we assume 7(g,) = fn and § < « since |Js[z]|] = v < a. Thus g, €
Js[x] € Jux], since 7 is elementary and is constant on 7, we have that {{ |



9n(§) € gm(§)} € U it {£ | fn(§) € frn(§)} € U. This means that [go], [g1] ...
would be an ill-founded chain in Ult(J,[z], U), but this model embeds into Jg[x],
a contradiction. O

Claim 5 (Claim 10.9.2). Let k be wy-Erdos, then k — [w1]5.

See for instance Jech Lemma 17.290]
(i) Now for the wy Erdos cardinal k, we consider the model J,;[z]. Define
the map F : [w]<¥ — 2% by the following, for n,m € w, A\ < --- < A, < &:

F()\l .. )\n) = {n | JR[Z‘] ': QOn(Al .. -An)}

Then by the Claim 10.9.2 we obtain there is X C k of size w; s.t. X is a set of
indiscernibles for J,[z], i.e. for any A\;; <--- < X;, € X and Aj, <--- <\, €
X and any ¢,

in

Jelz] E oAy - N, ) = Jelz] E oA, - A)
We consider the model
7 Jal2] Z hy 0)(X) < Jel2]

We write 7(€,) = Aq for . Then in J,[X], every a € J,[x] is of the form
Rz (M €ay - - ay,) for some n and &, and {£, | @ < wi} is indiscernibles for
Jo[x]. Then for arbitrary e : w; — wj that is order preserving, it induces an
elementary embedding J,[z] — J,[z] by the following map:

Te s Ry o) (0 oy -+ - Ean) = P2 (M Ee(an) - - - Ee(an))

Moreover, the first ordinal moved will be less than |«| since it is countable, while
o> wi as |hy, z)(X)| > wi. By Claim 10.9.1 2# exists. [

10 Problem 10.10

(a) We first show that for all ordinal 6 € J,[z], we have 7r’,§" [z] (0) = 71'5[96] (0). It
suffice to show that 6% N J,[z] = 6" N L[z].

C is obvious. For the other side, if f € §* N L[X], we take v large enough
s.t. f e Jy[z] and:

T (J,@[x],x) = (HUHL[I] (TC(f)),JZ) =<3 (L[l‘],x)

where |Jg[z]| < max{d, K} < st = o, Hence 8 < o and thus f € Jaolz].
Note: Here the condensation always applies as z C w, hence the structures
are always elementary w.r.t. the predicate.
Now given Wé"[z] (0) = ﬂé[z](é) for all ordinal 6 € J,[z], we show that
77’[;" ] = w5[1]|.]a[m]. For arbitrary a € J,[x], we have § < r gt L[z] E
rank<, ., (a) = . By X; elementariness of ultrapower embedding, Ult(L[z],U) =



rank<, . (ng (a)) = 7'('5[:6]((5). Hence L[z] E rank<, (71'5[95] (a)) = ng () =
W[‘]]‘” @] (6). This shows that ﬂlj—}[x] (a) = ﬂé"‘ (=] (a).

(b) As for f : k — J,[z] that is € Ju[z], 7H1(f) (k) = ﬁf,[m](f)(n) by (a).
This shows that Ultg(M) C Ult(L[z],U). Hence Ulty(M) is transitive.

Jole] = {xf (k) | € Talal® 0 Jale]} = =5 (1)) | f € Jala 0

Llz]} = ﬂé[w](Ja [x]). For the last equation, the C side is easy. For the other
side, if a € Wé[f](Ja [z]), assume a = Wg[z] (f)(k) where f € L[z]® N L[x], we can

alter f to g s.t. g € Ju[z]* N L[z] and a = Wé[z](f)(li) = ﬂf,m (9)(K).

(¢) by induction.

(d) For a < w(&), we show that there is < € s.t. o < 7(n), which concludes
the proof. Let a = [fly € Ult(L[z],U), we may assume f : k — £. But as
cf(&) > cf(k), supf =6 < {.Hence a < w(d) < w(d + 1).

By induction we show that 7y o (§) = £ and cf(§) > (ZC”d("‘)+), the succes-

QCard(r@a)Jr

sor case: since |kq41| < , we have by the above conclusion 7y o+1(§) =

0, (5) =¢.
For the limit case since £ is a limit and v < QC“Td("‘a)+, we have cf(§) >
. o = ¢ since if mg () < mg where mg is taking S many
200 ). (€)= § since i 7. () < Uy, mp where m i taking 3

power for |a|, e.g. my = 21°, m; = 22! Which is still less than ¢ since ¢ is
strong limit. O

11 Problem 10.11

Let Mg = 2% and I = {k, | @ < w;} be the set of countable silver indiscernibles.
We aim to show that for each X € P(w1) N L[z], there is a s.t. either
(g |a< B} C X or {rg | < B} Cur\ X
And the conclusion follows from 10.2 (b).
Take the w; itreration of zf, we have that
X eP(w)NLjz] =X e M,

since wy is the largest cardinal in M, and thus we know that P(wy) N L[z] =
P(w1) N M, by the argument in 10.10 (a).

Hence, X = g, (Y) for some o < wy and Y € P(kq) N M. We show that
if X € U, then {kg | @ < 8} C X and the other case is similar.

The proof mirrors the argument in Lemma 10.9. For arbitrary g > «a, we
consider the function for all £ € wy,

3 if§<a
e(§) = .
E+B—(a+1) if&>a
By the Shift lemma, we have
Y cUs < Ffat1 € Taat1(Y) <= Toay1(k) € X = mop(k) = 15, (Toar1(K)) € T

wiwi (X) = X
U



12 Problem 10.12(Not yet done)

We say a real z codes a structure (M, e, A) iff for o(z) : n — 2n + 1 and
e(r) :n = 2n m(w, Eym), Aewy) = (M, €, A) where E,(,) denotes the standard
coding of o(z) as a well-founded relation and n € A,y <= e(x)(n) #0. 7 is
the transitive collapse.

Claim 6 (Claim 10.12.1). The following relation is X3:
(x,y) € A < =z codes a premouse and its iteration up to ||y||.
In the sense that for all n, (), : m — x(T'(n,m)) codes a premouse and
niEyng <= (x)n, codes an ultrapower of (x)n,

Proof. First we show that x codes a premouse is ITi. x codes a premouse iff
o(x) € WF and (w, Ey(;)) | ZFC™+V = L+-there is a largest cardinal and say
ny is the largest cardinal in (w, Eo () (W, Eo(a); Ue(z)) F Ue(a) is a non-trivial normal <
k complete ultrafilter on k.
(W, Eyo(zy) FE ZFC™ 4+ V = L + there is a largest cardinal is arithmeti-
cal since the relation (w,Ey(,y) | @(n1...n,) is arithmetical. To analyze
(W, Eo(a), Ue(z)) F Ue(a) is a non-trivial normal < x complete ultrafilter on &,
for instance (w, Ey(q); Ue(z)) F Ue(z) is < k& complete. iff

Vn(me(n) € mp(ne) = VX € [w]”(Vm € X(m € Ugz)Amz(m) € mp(n)) — 3 € Ue(m)(ﬂ [ X] = m(1)))

Where 7, is the Mostowski collapse. This is a IIi property, for the Mostowski
collapse part see for instance Jech Proof of Lemma 25.25.
Next consider the following relation:

(z,y) € Ult < y,x both code premice and y codes the ultrapower of x

First we notice the ultrapower equivalence relation for z is given by, for ni,ns
that are functions with domain w in (w, Eq(z)) collapsed,

n1 =ng <= Im(m € Ugz) AVI(n(l) € m(m) — m(n1)(n (1)) € m(n2)(n(1))))
(*)
We have y codes the ultrapower of z iff there is =,C w?, f € w¥ s.t. =, is
an equivalent relation satisfying #, f respects =, and is bijective w — {n € w |
7z (n) is a function with domain w}/ =,,

nEeyne <= 3Im(m € Ugyy AVI(n(l) € m(m) — w(n1)(w(1)) € w(ng)(n(l))))
and
n1 € Ueryy = m(m € Ugyy AVI(m(l) € m(m) — 1 € Ug(ny))

And hence Ult is a ¥} relation.

Hence, let (z),, : m — z(I'(n,m)), (z,y) € A <= Vni,na(ny is the E, successor of ny —
((%)ny s (2)n,) € Ult), and thus is Al. Moreover, the shows that the section of
A along y is also Al. [



Thus given the claim, we can already prove that for any 8 < wf there is
B’ > B, a s.t. the there is premouse (J,, €,U) € L and the putative iteration of
length B’ 4 1 whose last model is ill-founded. For each 8 < w!, pick y € w* N L
st. |ly|| = B, since by Claim the section A, = {z | (z,y) € A} is AL. 0
witnesses its non-emptiness in V, by Shoenfield absoluteness Cor 7.21 A, is
non-empty in L. say x € A,. But the minimal premouse coded in z cannot
be iterable since otherwise 0¢ € L, which is nonsense, hence some step of the
iteration greater than g must fail.

Next we show that for any 3 < wi there is  s.t. there is premouse (J,, €
,U) € L and the putative iteration of length 5 + 1 whose last model is ill-
founded. Pick the L least element J,, €,U s.t. there is x € Ay s.t. (x),- codes
Jao, €,U where n* is the least element in the order coded by y. We build a tree
of attempts to find elementary embeddings from the 5+ 1 th iterate of J,,€,U
into some large enough model.

13 Problem 10.13

We use the fact that Col(w, < k) = {?ﬁ Col(w, \). Let (kq, @ < wi) be the
countable Silver indiscernibles, as discussed in problem 10.11. Let (M, Tag, @ <
B < w1) be the iteration of zt up to wy.

We prove by induction that o < wy, there is G, € V s.t. that is Col(w, <
Kqo)-generic over L{z]. And if o < 8, then G, G are consistent in the sense that
if p € Col(w, < kg) has support contained £, it holds true that p € G, <
p e Gfg

The base case: kg is countable in V' and all dense sets in Col(w, < ko) that
is in L[] is already contained in My, thus is countable. By the generic filter
theorem there is Col(w, < Kg) generic Gy over Lx].

The successor case: Col(w, < kKay1) = Col(w, < na)xniin<)\<m+l Col(w, N,
fin B

by a similar argument to the base case, we have J[, "o\, . Col(w,)) generic
H over Lz] in V. Let Goy1 = G, x H and by Lemma 6.65 this satisfies the
requirement.

The limit case: Define ¢ € G, <= the support of ¢ is contained in k4, q €
Go. We have that G is generic as suppose A is an antichain of Col(w, < k), by
the fact that w, is inaccessible in L[z], by Lemma 6.44 L[z] thinks |A| < k., thus
for some a <y, and thus A can be considered as an antichain in Col(w, < Kq).
By the consistency of G, w.r.t. G, it intersects A.

Next, we consider the filter G on Col(w, < wy) defined by

p € G <= suppose the support of ¢ is contained in k,, then p € G,

By the exact same argument as the limit case, we have that G is generic. [

14 Problem 10.14(Not yet done)

Claim 7 (Claim 10.14.1). A remarkable cardinal is inaccessible.



Proof. To show it is regular, pick arbitrary function f : § — k where
6 < k. We pick a > k s.t. f exists in V,. In the generic extension, there
is 0 : Vg — V, with critical point u,o(u) = k. Since V3 = p is inaccessible,
V.. E k is inaccessible, contradicting the existence of f. The proof for strong
limit is similar. [J

Claim 8 (Claim 10.14.2). For regular k, k-c.c. forcing preserves stationary in
[)\]<n

Proof. For arbitrary C s.t. p - C is club, we pick 7 s.t. plF T € C. We
subsequently pick nice name 7,, X,, € V s.t. p - 7, € C,plk X, C 1,
X, € [A<* and ran(r,) C X, € [A\]<®. The final requirement is doable by
k-c.c. forcing. The sequence is definable in V, and thus we take (J,, X, which
is in V and p forces it to be in C. This argument shows that the limit point
of C¢ is a club set in V. This entails that the forcing preserves stationary in
[A]<F. O

(a) For arbitrary «, pick o : V3 — V,, in V[G] s.t. crit(o) = p and o(p) = k.
The idea is to show that in, S ={X € [V3]* | X < Vg, X Np € p, 30X = Vg }
is stationary and lift this statement via o, then use the stationary preservation.

Now by the proof of Madgidor’s characterisation of supercompact cardinal
problem 4.29 and problem 4.30, we have that there is a normal V-ultrafilter U
on ([V3]<*)V generated by

X eU <= o[V3) € o(X)

Hence we obtain that the set S isin U as of course o[V] € 0(5) = {X € [Va]* |
X < Vo, XNk € k,3X = Vz}. This means that S intersects all V' club in
[Vs]<#. Lift this up and hence {X € [Vo]<" | X <V, X Nk € k,3'X = Vp}
intersects all V' club in [V,]<*. Since Col(w, < k) is k- c.c., stationary set of
[Vo]<" is preserved and hence it is stationary in [V,]* in V[G]. O

(b) If 0% exists, for Silver indiscernible

(c) If k is a remarkable cardinal in V, then for arbitrary « there is in V[G]
an elementary embedding o : V3 — V,, with crit(c) = p and o(u) = k. It suffice
to argue that some embedding o’ : (Vg)F — (V,)F exists in L[G].

**Claim 10.14.3 If j : M — N is an elementary embedding in V and M
is countable, then for any transitive model H that knows enough ZFC so that
well-foundedness is absolute s.t. M, N € H and M is countable in H, then there
is elementary embedding j' : M — N in H**

Proof. Define the following tree of partial elementary map: Fix an enumer-
ation m;, ¢ € w of elements in M. p € T is a partial elementary map from M to
N with finite domain. p; < ps if p; is an end extension of po. Then we have

T is ill-founded <= 3j: M — N elementary

By the assumption that ill-foundedness is absolute between M and N, we obtain
the desired result.

Now 0'|(VB)L is an elementary map from countable structure VBL to V.L. VﬂL
is still countable in L[G] as f < k. By the claim 10.14.3 we thus obtain that
such an elementary map exists in L[G]. O
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15 Problem 10.16

Claim 9 (Claim 10.16.1). If V is closed under sharps then for all X C Ord
and X € V, Xt exists.

This is essentially Jech Exercise 18.2

Proof of Claim: We take k > | X| and take H generic over Col(w, k), then X
is countable in V[G] and hence X* exists. But the statement that X* exists is
equivalent to the statement that L[X] has a proper class of Silver indiscernibles.
Take {kq | @ > B} be the class of cardinals in V[G] greater than |P|, they are
also cardinals in V. Notice L = p(Kq, - - - Ka, ) ff L [F @Koy .. . Kaz ), is absolute
for V[G] and V" and hence {k, | @ > 5} is a proper class of Silver indiscernibles
in V. This shows that X* exists in V. O

Let G be generic over P. Let A be such that V|G] Ez € A < Jyp(x,y, 2)
for some ¢ that is Y3(2). We take X € V s.t. P € X* = (J,[X],€,U) and
P € J,[X], where k is the largest cardinal in J,[z]. Say

p - (11,72, 2)

We take 7 : N — X* elementary be s.t. N countable transitive, 7(q) = p and
7(Q) =Q, 7(01) = 11 and 7(o2) = 72. Hence

N EqlF o(r1,72,2)

By assumption that P € J,[X], Q is contained in the part that is not moved by
iteration.

By Claim 10.1.1, we may iterate N up to wi, call it IV, , then w; C N, and
q,Q, 01,09 is unchanged under the iteration. Notice that the subsets of Q in
N, are already appearing in N, which is countable. Hence, there is a QQ generic
g € V over N,,, and we have

Nun [g] ': 90(0'15770'29, Z)

As 014,02, € V by Shoenfield absoluteness,

V E 3z, yp(z,y, 2)

Concluding the proof. [J

16 Problem 10.17

Right to Left: Assume for contradiction that --- € [ag, f2] € [a1, f1].
By Lemma 10.64, we may have

huise(vie) ({{an, fo] | 7 € w}) <5, Ulto(V; E)

and Y elementary map

P hUlto(V;E)({[anafn] In€w}) =V

11



This leads to the non well-foundedness of V', a contradiction.
Left to Right: Assume Ult(V,E) = M is well founded. Let jg be the
extender embedding. Consider the tree

U:={s|3Ikew(s: U a; — Kk A s is order preserving A Vi < k, s[a;] € X;)}
i<k

where the order is s1 < s5 <= s9 C s1. The inverse ofj|Ui€W a; Witnesses that
J(U) is not a well-founded tree as for each k,

(U

Uigkj(ai))il : U jla;) — j(k) is order preserving and Vi < k(j|Ui§kj(ai))*1(j(ai)) =a; € X;
i<k

By the absoluteness of well-foundedness, j(U) is not well-founded in M, and
thus U is not well-founded in V' by elementarity. This gives the desired map. O

17 Problem 10.18

(1) For cf(a) < K, the argument is exactly the same as Lemma 4.52 (c).

For cf(a) > K, let By = a,7 = cf(a). Of course U, _,.p(,) TEBy < TEQ.
For arbitrary ¢ < mga, £ = [a, f] for some a € [V]<¥, f : [ua]l”l = a. By the
fact that E is a short extender, we have |u,| < k, then f has to be bounded by
some g3y, hence { < mgf,.

(2) Pick a cofinal sequence 8, — A, v — cf(A). By (1) we thus have
SUPyep( N TEBy = TeA. We show that 73, < A and this concludes the proof.
Since each £ < w03, is of the form & = [a, f] for some a € [V]<¥, f : [ua]!% — B,
and as E is a short extender, we have |p,| < k. We have that |7 3,| < [vx 35| <
A. This concludes the proof. O

18 Problem 10.19

Ultrafilter Property: For a < &, (Y; | i < a) € V[GINE;*. Let p € G. Let A; be
a maximal antichain, definable in V, of elements p < ¢ s.t. 3X,;,q1F X,; C Y.
Then since |P| < &, |A;| < x and hence

(Y2 () Xiq€Ea

<o i<a,qEA;

To Checking that this is an ultrafilter, upward closedness is easy. For Y €
[11a]'*! N V[G], consider the following sets, definable in V: D, := {p | p IF
weY)LF, ={u|plku¢gVY} By the fact that  is inaccessible in V,
{D, | u € [1a)'*'} € P(JP|) and thus is of cardinality less than x. Hence there
isX € Ey;st. D, =Dy ,F, =F, for all u,u’ € X. Now D, UF, is dense in P
and hence G intersects elements of it, but it can’t intersect element from both
D, and F,. If GN D, is not empty, then ¥ O X and hence Y € E7, the other
side is similar.

12



Remark:If we naively take (X; | ¢ < «) subsets of (Y; | i < «), the sequence
might not be in V. We circumvent this by considering all possible subsets of Y;
inU.

We notice that (*) for all ordinal p, [1]l* € E, <= [u]l*! € E* and hence
fia is the smallest p s.t. [p]lel € B, < [u]l*l € E*.

Coherence: For Y € E* and b D a, we have that Y 2 X for some X € E,
and thus X € E,. Since X% C Y, Y ¢ Er.
The other side follows from the fact that if Y ¢ E*, then [u,)la| — Y € E

but [a]lal — Y n Y = 0.

Uniformity follows from (x).
Normality: Take f : [1q]!! — pa with f € V[G],

plF3X, X C{u| f(u) < maz(u)}

Case 1: pq < k. We have p |- Ug [ua]'“‘—ma{u | g(u) = f(u)} = [pa]'®! since
p I 39 ¢ [wa)® = pa,g(u) = f(u) for all u. Since there gire at only |ug|"e
many such functions g : [ua]'® — pa, p IF 3g,{u | g(u) = f(u)} € E,. Since
we have {u | g(u) < maz(u)} € E,, we obtain by normality that there is 3 s.t.
{u | g»8} (u) < max(u)} € Equisy- The conclusion follows as

{u] g™ u) < maz(u)}nfu | g () = foY 00 @)} C {u | f41 (u) < maz(u)}
Case 2: p, > k. Idea: < k forcing should preserve stationary sets for [1,]<%,
Ha > K.

Claim 10 (Claim 10.19.1). For k regular, forcing of size < k preserves station-
ary sets on pu where u > K.

Proof of Claim. It suffice to show that if p I+ C'is a club, then p I+ {o | & € C}
is a club. That p IF {o | & € C} is closed is easy. For ag s.t. plF ag € C, we
have a name +y for an ordinal s.t. plF ay < g € C. Pick a maximal antichain
A under p where ¢ € A entails ¢ I vy = 4. By the fact that the forcing is of
size < k, we have a; = sup{v, | ¢ € A} < k and thus

plFFo € Crap <o < o
Repeat this process to find a,,n € w s.t.
plIF Iy, € C,ap < An < Qngt
Of course, p thinks 7, and «,, shares a limit, and by closedness of C ylimy e, i €
{alaeC}. O
Remark: The argument actually works for k c.c. posets, and is the argument
used to show that c.c.c. forcing is proper.

Proof of case 2: Fix an enumeration T' : [u,]l*l — p, satisfying T'(u) >
mazx(u). And consider the induced map T : P([uq]'*) = P(11a)

13



Then, the normality of E, is equivalent to saying that {I'(X) | X € E,} con-
tains all closed sets in y, (normal as an ultrafilter on p,). Then the conclusion
follows by Claim 10.19.1. [J

Next, we show that the two large cardinals are preserved under small forcing.

Claim 11 (Claim 10.19.2). For forcing P of size < k, the extender elemen-
tary embedding 7 : V. — Ult(V,E) extends to elementary ng~ : V[G] —
Ult(V[G], E*), satisfying

g 7q — Te(T)e = [0, ¢rp] B
And consequently, Ult(V[G], E*) = Ult(V, E)[G].

Proof. To show that mg« is elementary, it suffice to show that 7g(7)¢ =
([0,¢-])c = [0,cre]p+. We prove by an induction on the well-foundedness of
elements in Ult(V[G], E*) that

la, fale- = ([a, flE)a

Notice as the domain [ua]|a| is absolute, here we can slightly abuse the notation,
by f refers to both the function from [11a]1?! to names and a name of the function
from [14]!?! to elements in V[G].

Say for [b, §cle- € [a, fa]e+, by IH we have [b, gcle- = ([b, §]E)g-

b, gcle- € [a, fo]p- = 3X € Baupy X C {u € [paup)l® | g5 (u) € fE* (u)}
— IX e E,up, X C{ue [,uaub]l‘wb‘ |[Ipe G pl gb’an(u) € f"’an(u)}
= Ipe G plk{uc [pan)™ | ¢ (u) € F*P(u)} € Eap (*)
< ([b,d]E)c € ([a»f]E)G

Here the only non trivial step is (%), where left to right is by the fact that
|G| < k and Equp is < £ complete.ld

Proof of the preservation of large cardinals.

For k a strong cardinal, we take arbitrary a > k + 2, and show that there is
j : V]G] — M elementary with crit(j) = s, (V,)VIE C M.

Let E be the k,v-extender obtained in Lemma 10.58 where @ < v. For
z € (Vo)VIl as |P| < k we may assume P € V., we have & € V,, thus in
Ult(V,U). By Claim 10.19.2 Ult(V[G], E*) = Ult(V, E)[G] computes the name
correctly and thus z = &g € Ult(V[G], E*). Hence (V)¢ C Ult(V, E*). This
concludes the proof that k is strong in V[G].

For x a supercompact cardinal, similarly, let £ be given by Lemma 10.61
and we aim to show that Ult(V[G], E*)* C Ult(V[G], E.).

For {las, fiole- | i < A} C UIt(V[G], E*), we have by Claim 10.19.2 that
{([ai,f,‘]E)G ‘ 1 < /\} - Ult(V,E)[G] This shows that {[az,fz]E | 1 < /\} -
Ult(V,E). By X closedness of Ult(V, E) and pass it back to Ult(V[G], E*), we
are done. [
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19 Problem 10.20

This is similar to preservation of strongness. Given § Woodin in V, it suffice
to show for A C (V;)VI¢! there is s s.t. for any a < & there is elementary 7 :
V[G] = M s.t. crit(n) = &k, (Vo)VIC] € M and 7(A) N (Vo)VIE = An(V,)VIEL

Fix A C (V5)VIC], P being small, we may assume in the similar fashion as
in proof of preservation of strongness that A, the name of A4, to be a subset
of V5. We apply Lemma 10.77 and pick k satisfying the for all o < k there
is certified F s.t. g : V. — M is elementary and crit(n) = k, V, € M and
(A NV, =ANV,.

It suffice to show that for any o > |P| + 2, the corresponding F satisfies:
e, (A) N (Vy)VIC = An (V,)VIEL We have by claim 10.19.2,

Tq € (Va)V[G] NA < FpedprkreAny,
<= Jp € GIB a maximal antichain under p, B x {r} C ANV,

<= Jp € GIB a maximal antichain under p, B x {7} C WE(A) NV

— IpeGpktrenag(Ad)NV,
= 16 € (V)N (rp(d)a = (Vo) N 7. (4)

This concludes the proof. [J

20 Problem 10.21

Don’t know how to argue via extenders, don’t know how to show the derived ex-
tender is A closed. We solve this probem by proving the equivalence of Problem
10.22 first, and using Problem 10.22,

Assume for contradiction that x is not supercompact, then let A > x be
the least cardinal s.t. there is no ultrafilter U on P, (\) witnessing & is not A
supercompact. This is a first order property.

Pick a s.t. V) C V,, any limit a s.t. cf(a) > X would satisfy the property.
Then by assumption there is p < f < K < A < a s.t. thereis o : Vg = V,
elementary, with crit(c) = p. Notice Vg = there is least 0 s.t. there is no
ultrafilter U on P, (\) witnessing p is not § supercompact. Say ¢ is a witness of
this statement, then by elementarity o(d) = .

But deriving an ultrafilter U on P, () from o satisfying the conditions in
4.30, by Problem 10.22 the ultrafilter U in Vj witnesses the o~1(£) = ¢ super-
compactness of p in V. This is a contradiction.[]

The use of ultrafilter turns the second-order property supercompactness to
a first order property. cf. problem 10.23

21 Problem 10.22

For U a < k complete ultrafilter on [A|<", we show that the map ny : V —
Ult(V,U) witnesses that x is A supercompact. Here Ult(V,U) is the ordinary
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ultrapower construction, adapted to U and [A\]<®. We omit the proof of Los
theorem.

Step 1 [Zd]U = 7TU[>\].

D is by the first property and Los theorem: For oo € A\, {a € [A\]<" | a €
a} € U and thus my(«) € [id]y.

C is by the second property, which is clearly the analogue of normality.
Suppose [f]u € [id]y, then we have {a | f(a) € a} € U, let X, :={a | f(a) =
a}. Suppose for contradiction that X, ¢ U for all a < A, then by the second
property of the ultrafilter, there is X € U s.t. if « € a € X, then a ¢ X,, i.e.
f(a) # . This set must be disjoint from {a | f(a) € a}. This is a contradiction.
Hence some X, € U, entailing [f]y = ny(«) € wy[A].

Step 2 M* C M.

Say {[fa] | @ <A} C M. Let g : [\]<" — V be s.t. g(a) is a function a — V,
g(a)(a) = fa(a).

By Los theorem, [g]y is a function from my [\ — Ul(V,U) and for every
a €N [9](ru(@)) = [fa]. Hence ran(lg]) = {[fa] | @ < A} € M.

Step 3 crit(ny) = Kk, A < 7wy (k).

crit(my) > k holds by < k-completeness and the standard argument. We
have ot([id]y) < my (k) as {a € [A]<" | ot(a) < K} = [A]<* € U. Moreover for
arbitrary v < &, v < ot([id]y) since

{a € [N<" |y <ot(a)} D ﬂ{a|a€a}€U

a<ly

By the first property and < k completeness. This shows that x < ot([id]y) <
7y (k) and thus crit(my) = k.

Finally, A = ot(my[\]) = ot([id]v) < 7y (k).

This concludes the proof. [

22 Problem 10.23

Claim 12 (Claim 10.23.1). Every subcompact cardinal is inaccessible.

For arbitrary A C V5, A C Hs+. We find o : (Hy+,B) — (Hs+,A). For
crit(o) = p, o satisfy for arbitrary 8 < A, V3 C Hs+ and o(B)NVg = BN Vp.

Work as the proof of Claim 10.79 in Hy+ and extract an (u, A\) extender FE
witnessing 7 (B) N V3 = B N V3, the extender is in Hy+.

Pass the statement to Hy+, A and hence for all a < § there is o (), there is
o(E) a (o(u),d) extender on o(u), witnessing ANV, = m,(g)(A) N V. O
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23 Problem 10.24

Let 2 :=J{s | 3T € G, s is the stem of T'}. For arbitrary ¢ € [k, \] s.t. ¢f(5) >
k, we show that {sup(aNd) | a € z} is unbounded in §. And the conclusion
cfVIEl(§) = w follows.

To that end, it suffice to show that

{T | s is the stem of T, Ja € s,y < supa,an[y,d) # 0} *

is dense. Such a satisfying the property above would have v < sup(a Nd) < o
by c¢f(d) > k.

For arbitrary T in the forcing with stem s, we notice that {a | s ~a € T} €
U contains a set a* that contains v, that’s because {a | v € a} € U. Let T' be
the subtree of T with stem s —~ a*. This tree witnesses (%) property.

Claim 13 (Claim 10.24.1). For all T and formula o(7y ...Ty), there is T < T
with the same stem that decides the formula.

Proof of Claim, For a tree T in the forcing with stem s, we use the notation
(s,T) to make explicit its stem. For condition (s,T"), define as in proof of Claim
10.7 F : [X]<¥ — 3 as follows:

0 if there is no T” s.t. (sUs',T") decides ¢
F(s') =41 if there is T" s.t. (sUs’,T") forces ¢
2 if there is T' s.t. (sU ', T") forces —p

By definability of forcing, F' € V and thus by Rowbottom’s theorem there is
Y € U s.t. for each n € w, F is constant on [Y]™.
Let (s,T’) be the subtree of (s,7) defined recursively satisfying if a €
sucer(b), then
a€T <= aé€ sucer(b)NY

(s,T") is the subtree of (s,T) slimed at every node by Y.

We show that (s,7”) decides . If not, then there is (b1, 1), (b2, T2) < (s,T")
s.t. (b1,T1) IF ¢ while (bg, To) IF . May assume |by]| = |b2| = |a| + n. But by
design by \ a,b2 \ a € [Y]™ while F(by \ a) # F(b2 \ a). This is a contradiction.
d

Proof of V,, = VKV[G]: This is similar to Lemma 10.6. In the final step we
take ¢ = (a,(Necp L), Mgy Te s still a valid tree by < x completeness of the
ultrafilter. O

24 Problem 10.25

Assume for contradiction that Eg >p; E1 > Eo.... Consider the following
iteration tree where <7:= {0} x N*, My = V, M, = Ult(Mo, E,). As
E,, € M,, by definition of Mitchell order, this is a one-level, infinitely branching
iteration tree. This contradicts Theorem 10.74 as there is no infinite branch in
this tree. [J
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