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1 Problem 13.1

The solution goes as the hint in D.A. Martin’s Exercise 8.3.2

We fix an enumeration of w®: (z4,a < 2%0). Let (My, 7o 5,0 < 8 € Ord)
be the linear iteration of V by U, the normal x complete ultrafilter on . Let
N = My, . Let k4 be mg (k).

For s € w<¥, a < 2%, define Ja,p : N = N elementary by:

js o Tw-a,w-a+1 if s g Tay Loy € A
+1 = 3 - .
ot id otherwise

The case j3 .1 where v < « is defined by j3 , = j5 at1J5,o- And the limit
case is by directed limit.
Define My =V, My = N for s # ). For s C ¢ s.t. [h(t) =1h(s)+1,

kst = {ﬂ-OvNO lfszm

, . .
J0.2% otherwise

The other ks ; are defined by commutivity. We notice the effect of k,; on the
critical points where lh(t) = lh(s) + 1:

Ry-a+k+1 if s C 24,24 §Z A
ks,t(ﬁw-a-ﬁ—k) = .
Kw-at+k otherwise

Now we show that (M, ks, s €t € w<¥) is a embedding normal form for
A.

If 2, ¢ A, then for each n, ko, (Ka) > koz|,.,(Ka) a5 Tw.o is acted in
k2|, x],s.- Hence M, is ill founded.

Ifzo € A let ng =01if x5 € A, otherwise ng = maz{n | 2|, = za|n}. M,
can be decomposed as dir lim(7", (N), o < 2%0), which is well-founded. [

w-

2 Problem 13.2

If x ¢ A, then the tree T, := {t € a=“ | (2[jen),t) € T} is well-founded. Then
for each n,
||[id]

Ha|p ||7r;/,w‘n(T1)



is an ordinal. To show that the direct limit is ill-founded, it suffice to show that

||[id]#z\n+1 ||‘fl',¢z‘ (Tz) < ﬂ—#m\,”#z\nH (||[id]#¢|" ’Tuz\n(Tw)) - ||7r/u1'\n7#m|n+1 ([id]l"z\") (Tz)

T
n+1 Palp iy

Suppose ||7T,U‘a:\nvuw|n+1 ([id]uw\n )H‘fru | (T2) — 57 we have ﬂ-.U/:L“nh“‘:L" +1 ([id]uun )(t) =
[id] ., (t|n) = t[, for arbitrary t € Ty, ,,. Thus there is X € py, ., s.t. for all
t € X, ||t|nllx, ‘ = 3, but as for any t € X,

zln41

s, < Ilenllr,,,

we have the desired result. (J

3 Problem 13.3

(b) to (a). Fix T on w x a s.t. A = p[T] and p, is a < 67 closed ultrafilter
on T;. We define the following system of elementary embedding: (M, ms¢,s C
t € w<¥). Where My = Ult(V,us). Then by problem 13.2 we have z € A
iff dir lim,, <., (M,,) is well-founded. It suffice to check that thus defined, the
embedding normal form is 2% closed and its additivity is bigger than §.

As crit(my,,) > 67, me4s41 = id for any s C t € w<*. To show that the
embedding normal form is 2%° closed, either u, is trivial and thus Ult(V, us) =
V, thus trivially 2% closed; or i, is not trivial in which case let  be the critical
point of 7, and thus 2% < x, Ult(V, us) is x closed.

(a) to (b). Let (My, 75,8 Ct € w<¥) be the assumed embedding normal
form. We work as hinted. Let af,n < w be the ordinals witnessing M, is ill-
founded in x ¢ A; let T be the Windfus tree for the embedding normal form and
as(z) be as defined in the proof theorem 13.2. Define the following ultrafilter
s on Ty: for X C Ty,

X €ps = (mps(ag)...as) € ms(X) Cms(Ts) ={f | (s,f) € ms(T)}

Let o5 : V — Ult(V, us) be the generated elementary embedding. The conclu-
sion follows from the following claims:

(1) If s Ct € w<¥, then ps, py is cohere. This is because
(mp,s(p), ... as) € m(X) <= (mps(ap),...ms(as)) € m(X)

)

= (mpi(ag),.. msilas),...ar) e m({f €Ty | flis) € X})

(2) There is the factor elementary embedding ks : Ult(V, pus) — Mg s.t. ks 05 =
.

Just let kg : og(F)((mp (), - - s (), ... on)) = T (F)((mp (), - - - Ts (), . .- )
for F: Ty — V.

(3) If € A, then

dir T (Wlt(V, prg|, )s Ty gy, 7 <M < W)

n<w



is well founded.

This is because by point (2), we have for s Ct € w<¥, sy - ks = ki - 054.
This gives for each Ult(V,us), a map ms, - ks + Ult(V,us) — M, satisfy-
ing myp - ks = Ty - ki - 05 Hence this gives an elementary embedding
J v dir i< (Wt(V, g, )y Ty gy, 7 < m < w) — M, witnessing the well-
foundedness of the directed limit.

(4) Each ps is < 6T closed, otherwise say £ is the least cardinal s.t. pug is
< & closed. Then there is a partition X;,i < £ of Ty s.t. X; & ps. Define
a:zx=fr—iif feX, for feT,. We thus have { < [a],, < 05(&). Finally, as
7s(€) > 05(€) and £ < 4, this contradicts the fact that 74|s41 = id.O

4 Problem 13.4

(1) Assume that A = {z | Jy,z & y € B}, assume that T on w x a and the
system pg, s € w<% witnesses the d-homogeneously Susliness of B.
Fix a bijection I" : w x @ — «. We first define the tree T* on w x o as t* € T*
iff the map ¢ defined by t(2n,&) = t*(n,T'(n,£)) and t(2n, &) = t*(n,§) isin T.
Then p[T] = A.
Next for any y € w¥, x ¢ A, let oY witness the ill-foundedness of dir limy, <, (Ult(V, pis;@s,)s 51 C
x,82 C y). Let v be some ordinal greater than all of them. Fix an enumera-
tion of w<* s.t. s; C s; then i < j. Define the following tree on w x y<¥:
(s,(ag... 1)) € Siff forall t < j <k, if s; C s then

=

+ ) .
0 < a] < Wﬂs”h(si)@é'i,s\lh(sj)EDsj (O‘l)

Then we have z € p[S] iff z ¢ A.

Next we show that for any P € Hy+, IFF p[T*]Up[S] =
in problem 10.19, we have for [P name 7, ’/TL/[G] (r¢) = (mu, (7)), specifically for

s

w®. By the argument

element a in V, WXS[G] (a) =y (a).

Let G be a generic filter, work in V[G]. If & p[T*], then for all y € w¥,
x®y & B, ie. for any y € w¥, there is oY witnessing the ill-foundedness of
dir limy, <, (UIt(V, psy @55 )5 51 C @, 82 C y). Thus (z]n, (op?,...,aY)),n € w
would be an infinite branch in S.

(2) Let A be arbitrary X3 set, and write A = {2 | Jy € w¥, 2Dy € B} where
B is II}.

From the proof of theorem 13.3, we obtain that B has a 2%° closed embedding
normal form which has additivity greater than § for arbitrary § < k. By the
proof of problem 13.3 there is tree T and system g, s € w<“ s.t. each us is < K
closed. By the proof of problem 13.4, A is thus < x universally Baire.

(3) Prove by induction on n that if there are n many measurable cardinals
01 < ++- < 0, under k, then all H;_H sets have a 280 closed embedding normal
form whose additivity is bigger than é;. The The induction step is by theorem
13.6. For the base case: it is clear that the construction in theorem 13.3 is has
additivity bigger than ;7.

Then apply problem 13.3 and problem 13.4 and we are done.



5 Problem 13.5

Let A = p[T], A® = p[U] where IFp p[U] U p[T] = w* for all P € Hgs,. Then for
g generic for P € Hs,, Vg = A* # 0 iff V{g] = T is ill-founded iff V |= T is
ill-founded iff V = A # 0.0



